This paper discusses the size distribution, -in economic terms -of the Italian municipalities over the period [2007][2008][2009][2010][2011]. Yearly data are rather well fitted by a modified Lavalette law, while Zipf-Mandelbrot-Pareto law seems to fail in this doing. The analysis is performed either at a national as well as at a local (regional and provincial) level. Deviations are discussed as originating in so called king and vice-roy effects. Results confirm that Italy is shared among very different regional realities. The case of Lazio is puzzling.
Introduction
The analysis of the ranking of elements belonging to a specific set under a predefined criterion leads to the identification of a best fit 1 curve, through the rank-size theory (Jefferson 1939 , Zipf 1949 , Beckmann 1958 , Gabaix 1999a , Gabaix 1999b ) and its applications. This paper deals with the rank-size rule for the entire set of municipalities in Italy (IT, hereafter) for each year of the quinquennium 2007-2011. The size is here given by the contribution (so called Aggregated Tax Income, thereby denoted hereafter as ATI) that each city has given to the Italian GDP (data are expressed in Euros); cities are yearly ranked according to the value of their related ATI. Data are official, and have been provided directly from the Research Center of the Italian Minister of Economic Affairs. For our investigation, several different directions are followed:
1. the possible law describing the relationship between ranking and ATI is explored. In particular, we show that Zipf, Zipf-Mandlebrot 2 and power laws fail in this doing. A more convincing answer is provided by the Lavalette function (Popescu, 2003) ,
which has been introduced in 1996 by the biophysicist Daniel Lavalette. Such an analysis is performed not only at the country, but also at the regional and at the provincial level;
2. the distribution of the ATI at the regional level is lengthily explored. In doing so, several cities are shown to exhibit a prominent role in determining a relevant percentage of the national GDP (the so-called king and king plus vice-roy effects, see Section 4.2 for the details).
In particular, point 1. supports that sometimes data city sizes do not have pure Zipf-type (i.e. a pure power law) links with the corresponding ranks. However, evidence is here shown that some particular subsets of cities may be well described by a statistically appealing Zipf-Mandelbrot law (this is the paradigmatic case of Lazio, an IT region), -a set of considerations postponed for an Appendix (App. A) in order to let a relatively ordered line of thought guiding the reader in the following sections, -without being distracted by the main aims. For the contextualization of these results in the literature, see Section 2. Also point 2. is in great agreement with an improvement of the best-fit results when some specific subsets of data are considered. In this case, king and king plus vice-roy effects can be appreciated by observing, on displayed plots, that removing the first and sometimes the first set of ranked cities, respectively, leads (not always, but remarkably often) to a more statistically convincing Lavalette curve.
It is important to point out that, to the best of our knowledge, this is the first contribution dealing with the application of the Lavalette curve to the field of urban economics; it was invented and usually applied for bibliometrics studies. The paper is organized as follows: Section 2 briefly reviews the literature inspiring and connected to the present research. Section 3 contains the description of the data. Section 4 is devoted to the investigation of the whole IT, with the assessment of some rank-size rule fits on yearly basis. This section contains also 1%. 2 It is sometimes called the Zipf-Mandlebrot-Pareto (ZMP) function. 
Review of the literature
In the context of New Economic Geography (NEG), -introduced by Krugman (1991) and surveyed in Ottaviano and Puga (1998), Fujita et al. (1999) , Neary (2001) , Baldwin et al. (2003) and Fujita and Mori (2005) , spatial patterns based on geographical agglomerations and dispersions of economic quantities play a fundamental role. In discussing the features of the geographical entities, city population size distribution represents one of the most debated themes, and there is a wide literature discussing on how the rank-size rule can be properly described.
In this respect, power law and Pareto distribution with coefficient one (the so-called Zipf's law, introduced in Zipf (1935 Zipf ( , 1949 , stating that a hyperbolic relationship exists between rank and size), seems to provide a rather satisfactory answer. Several studies proved empirically the validity of Zipf's law: Rosen and Resnick (1980) analyzed data from 44 Countries, and found a clear predominance of statistical significance of Zipf's law, with R 2 greater than 0.9 (except in one case, Thailand); in Mills and Hamilton (1994) , data from US cities in 1990 has been taken to show the evidence of Zipf's law (R 2 ∼ 0.99); other papers which substantially support this type of rank-size rule are Guerin-Pace Table 2 .
(2013) just to cite a few. Nitsch (2005) provides an exhaustive literature review up to that time. It is also worth mentioning Simon (1955) , Gabaix (1999a Gabaix ( , 1999b and Brakman et al. (1999) , who have the merit to have tried to provide an explanation of Zipf's law. However, Gabaix (1999b) criticized Simon (1955) reasoning in saying that it is grounded on assumptions on the Pareto parameter that seem to be not empirically supported. Recently, Dimitrova and Ausloos (2013) , through the notion of the global primacy index of Sheppard (1985) indicated that Gibrat (growth) law (Gibrat, 1931) , supposedly at the origin of Zipf's law, in fact, does not hold in the case of Bulgaria cities. Thus, in general, why the rank-size rule can be described in many cases through the Zipf's law remains still a puzzle. This lack of a theoretical basis for this statistical results has been acknowledged by influential scientists (see Fujita et al., 1999; Fujita and Thisse, 2000) . Moreover, Zipf's law is not a universal law at all, in the sense that some data does not support such a way to link rank and size of the cities. As an example, the above-mentioned case of Thailand in Rosen and Resnick (1980) and Bosker et al. (2008) . Of particular interest is also Garmestani et al. (2008) , who conduct an analysis for the US at a regional level. From the present state of the art point of view, regional agglomerations, commonly ranked in terms of population, may be also sorted out in an order dealing with the economic variables. In fact, Zipf's law is sometimes identified also in some "economic" way to rank. As an example, Skipper (2011) used such a rank-size relationship to detect well developed countries order through their national GDP. This result has been also achieved by Cristelli et al. (2012) , who exhibited evidence of the Zipf's law for the top fifty richest countries in the period 1900-2008. One can then conclude as McCann (2013) does, in stating that [Zipf 's law holds] irrespective of whether the regional size is measured in terms of population or GDP. This is in contrast with Nobel laureate Krugman previous statement that the rank-size rule is "a major embarrassment for economic theory: one of the strongest statistical relationships we know, lacking any clear basis in theory." (Krugman, 1995, p.44) . No need to say that, therefore, more data analysis can bring some information on resolving the controversy. Moreover, the investigation seems new, since there is, to our knowledge, no statistical evidence of Zipf's law studies for the economic variables characterizing Italian cities (in the period 2007-2011). Note that investigations of the contributions (= sizes) that local entities bring to the national GDP have been often studied. Those investigations are the main themes of so many publications that references cannot be even short listed. However, much literature has been rather concerned with convergence effects (as in López-Bazo et al., 1999) which have not been the main themes of the present investigation. Rather than searching for effects, we have been aiming at observing and quantifying structural causes.
Data
Data collect the disaggregated contributions at a municipal level (in IT a municipality or city is denoted as comune, -plural comuni) to the Italian GDP. The data source is the Research Center of the Italian Minister of Economic Affairs, and the covered period is the quinquennium 2007-2011. Under an administrative point of view, Italy is composed of 20 regions, more than 100 provinces and more than 8000 municipalities 3 . Each municipality is included in one specific province, which in turns belongs to one and only one region. Several administrative laws modified the number of provinces and municipalities during the quinquennium, and also of the number of cities in each entity, but the number of regions has been constantly equal to 20 (see below the time dependence of the precise values). Therefore, the available yearly ATI data corresponds to a different number of cities. In particular, the number of cities has been yearly evolving respectively as follows : 8101, 8094, 8094, 8092, 8092, -from 2007 till 2011. However, scientific consistency imposes to compare identical lists. In 2011, the number of provinces and municipalities is 110 and 8092, respectively. We have considered this latest 2011 "count" as the basic one. Therefore, we have taken into account a virtual merging of cities, in the appropriate (previous to 2011) years, according to IT administrative law statements (see also http : //www.comuni − italiani.it/regioni.html). In brief, several cities have thus merged into new ones, other were phagocytized. Here below are the various cases "of interest" explaining some "data reorganization": (iv) Consiglio di Rumo (CO) and Germasino (CO) were annexed by Gravedona (CO) on May 16th, 2011 and February 10th, 2011, to form the new municipality of Gravedona ed Uniti (CO); thus 3 → 1.
To sum up: 13 → 4. Thus, 8092 municipalities is our reference number. In short, the ATI (studied in Sect. 4 and in Sect. 4.1) of the resulting cities have been linearly adapted, as if these were preexisting before the merging or phagocytosis. A summary of the statistical characteristics for the year-dependent ATI of all Italian cities over the period 2007-2011 can be found in Table 1 . Table 6 contains the yearly ranked top and bottom cities in Italy in the sample period. Note that, in this time window, the data claims a number of 103 provinces in 2007, with an increase by 7 units (BT, CI, FM, MB, OG, OT, VS) thereafter, leading to 110 provinces. In this respect, it is worth noting a discrepancy between what data say and the real legislative evolution of the provinces. In fact, 4 provinces have been instituted by a regional law of 12 Some (mild) effect of this provincial variation is discussed below, although the emphasis of the present discussion is about the regional level.
Regional and provincial analysis
In order to stress the regional aspect, the number of cities per regions, and also per provinces, ranked in decreasing order of "importance" is examined, i. Fig. 3 ) of the number of cities in regions and in provinces, for various years; the number of regions N r is always equal to 20; the number of provinces N p has changed as indicated.
number of cities in a region or in a province is the "size measure", in this section; see Figs. 1-3:
• on Fig. 1 it is seen that a mere 2-parameter decaying power law (blue) or a 2-parameter decaying exponential (green) as well as a 3-parameter ZipfMandelbrot function (red) are neither visually nor statistically appealing (see the R 2 value) for describing the number of cities in the provinces as function of the rank, N c,p (rank). Therefore, further specific investigations are needed to assess the data. These are however beyond the scope of the present paper, limiting ourselves here to fits based on only a 2-parameter function;
• in contrast, Fig. 2 , a double x -double y plot, reports a fit of the ranking of the 110 provinces, according to the number of cities, N c,p by a 2-parameter Lavalette function, Eq. (1.1). It seems to be a rather good fit, to say the least, with R 2 = 0.985. Some deviation occurs at high rank (r ≥ 60), but there are not many cities (less than 50) in each of these few provinces. The 5 yearly cases are hardly distinguishable from each other. Observe some different data range for 2007: recall that there are 7 provinces less in 2007 than in other subsequent years. To better distinguish the various years, Fig. 3 shows the rank size variation for N c,p , the number of cities in each province, fitted with the appropriate 2-parameter Lavalette function.
The best Lavalette 2-parameter fits, with Eq. (4.1) form, are found in Table  2 . Some illustrative statistical characteristics of the city distributions as function of region r and province p, N c,r and N c,p respectively, -in 2011 as an example, are also given in Table 3 .
Regional disparities
In this section, in view of respecting "scientific constraints" which impose to tie geography and economy along New Economy Geography ideas (Krugman 1995 Table 4 . we consider every IT region (made of provinces and cities). We search whether the ATI of the cities in each region obey simple hierarchical relationships, -like a 2-parameter free Lavalette function. First of all, it is worth to point out that 228 municipalities have changed from a province to another one, but nevertheless remained in the same region (see Table 5 for a few examples), while 7 municipalities have changed from a province to another one, -in fact also changing from a region to another (these 7 cases are given in Table 6 ). Therefore, one can summarize the number of cities belonging to a region as in Table 4 . This corresponds to Figs. 2-3, in fact. The display of the distribution characteristics of these cities for the 110 provinces obviously requests 110 Tables  (or Figures) . They are not given here, but any province case can be available from the authors, -upon request.
The following points have to be taken into account before display and analysis:
(i) the plot illustrating the relationship between N c,r (and N c,p ) and their respective rank is year dependent;
(ii) the same comment applies for ATI c,r (and ATI c,p ), in obvious notations: they are year dependent;
(iii) finally, it is worth noting that the plots of the relationship between the ATI c , i.e. aggregated to the whole country, and their rank is year dependent, but not due to the change in the number of cities. This simplifies the analysis.
A technical point is needed here. In order to optimize the fit procedure, i.e., also in order to have a κ value characterized by a few digits, the Lavalette function, Eq. (1.1) has been thereafter opportunely rescaled by a 10 6 factor (∼ y(N/2)) also dropping the N factor of the rank r: y(rank) =κ 10
4.2 ATI distributions in IT regions. Time, "King", and "Vice-Roy Effects"
Before displaying and discussing the evolution of the various regions from the ATI of their member cities point of view, a practical remark is in order. It is often found, and has been found in the present study, that an upsurge occurs at low ranks. In other words, the best (simplest, like power law or exponential or Zipf, as those considered in Sect.4) fits are impaired because the low rank data can be much above (sometimes an order of magnitude) whatever function is used in the appropriate fit, resulting in an outlier for r → 1. This, observed a long time ago by Jefferson (1989) , has been called a king effect by Laherrere and Sornette (1998), when examining the population size of French cities (or rather agglomerations). For example, the number of inhabitants in Paris is much bigger than the (theoretical) value resulting from the best (estimated, stretched exponential) plot. In presence of only one outlier, the king (K) effect is identified. When an occurrence of several outliers is observed, then there is king plus vice-roy effect (KVR). Such ATI (or city) outliers are observed in almost all regions and provinces, as shown below. For convincing the reader, let two cases be shown, as examples:
• consider the 384 largest IT cities, in terms of population size 4 , for the whole Italy, as ranked by decreasing order, and compare such a size-rank relationship to a power law; as indicated in Fig. 4 , it is obvious that there are 6 "outliers" (in order from the biggest: Roma, Milano, Napoli, Torino, Palermo, Genova);
• a similar situation occurs when examining ATI values, rather than population sizes: consider the 384 "richest" IT cities, in terms of ATI size, for the whole Italy, as ranked by decreasing order, and compare such a sizerank relationship to a power law; see Fig. 5 , it is obvious that there are 8 "outliers" (in order from the biggest: Roma (RM), Milano (MI), Torino (TO), Genova (GE), Napoli (NA), Bologna (BO), Palermo (PA), Firenze (FI)). For completeness, let it be known that from the ATI ranking point of view, the top 12 IT cities have never changed their ranking, i.e. these 8 plus Venezia (VE), Verona (VR), Bari (BA), and Padova (PD).
Observe that 6 = 8, see that cities are differently ranked, and what city is added to the ATI outliers with respect to the population size ones. Although the demonstration in such figures is made through a log-log plot with power law fits, the same effects occur when using exponential or Lavalette function fits on semi-log plots. Similar situations occur for the regional and provincial level though not necessarily so well marked due to the smaller number of data points and their size value, -surely in the province cases. Nevertheless, in order to obtain some reasonable estimates of the empirical relations over a large range of data, it seems obviously necessary to take into account such a king effect, -in almost all the data, we have examined. Moreover, because such king effects, as seen in Figs. 4 -5 , in fact truly occur over a rank interval ≥ 1, it has been necessary to consider king plus vice-roy effect, accounting for more than 1 outlier, -as made more precise in the figure captions. When a flattening of the data occurs at low rank, a so called queen, or often a queen plus harem, effect appears (Ausloos 2013); the "problem" is different from the KVR effect; a Zipf-Mandelbrot-Pareto law is of course a more appropriate description, in such cases. None has been found to occur in the present study. Nevertheless, a special case has to be pointed out at once here. Although, it is shown that the Lavalette law usually well represent the ATI data, a 3-parameter Zipf-Mandlebrot-Pareto law fits unexpectedly well the Lazio region data, -as long as the rank is 2 ≤ r ≤ 101. The illustration, statistical analysis and some specific discussion are postponed to Appendix A, for this special region. This finding confirms a classical statement, i.e. the soundness of the Zipf's law can hold for a subset of a collection of data, but does not necessarily hold for the entire set. This is in accord with the empirical evidence registered in previous studies (see Section 2, for references to the literature on this). Results are displayed in Figs. 9-29, whose captions are rather detailed. The parameters of the best fits are reported in Tables 7-8 . A discussion is presented in Section 5.
Results and discussion
This section fixes and discusses the results of the investigation. First, a rank-size rule, on the basis of the number of cities per province, has been searched through Zipf-Mandelbrot-Pareto, power and exponential laws. It statistically failed. However, the rank-size rule for the cities in Lazio region can be well described by those curves. This fact confirms the finding of some researchers that a subset of a sample can be well represented by Zipf's law while the whole sample may fail in this doing (we address the reader to the discussion in Section 2 and Appendix A). Should it be necessary to the reader to recall that the Lazio region contains Roma, the capital city of Italy? and can thus be expected to present a superking effect. The 2-parameter Lavalette law seems to suitably fit, -with a high level of R 2 and/or visual soundness between curve and data, the rank-size rule for Italy cities under different perspective and size-detection criteria. Specifically: (i) number of cities per region; (ii) number of cities per province. The occurring deviations for low rank, more evident in case (ii), are due to the (KVR-like) outliers and to the creation of 7 new provinces during the observed period. In exploring the regional cases, several facts emerge. As for what concerns the low-rank elements in the Zipf's law case (see e.g. Gabaix, 2009 ), the role of the outliers at high rank is rather huge in the Lavalette case. For several regions, a strong king or king plus vice-roy effect may destroy the statistical consistence of the mere 2-parameter Lavalette curve in plotting the data. The R 2 is not necessarily small, the visual appeal of the fit is weak: this is due in such fits to the importance taken by the low rank (thus high ATI values) of a few cities. In such cases, removing the outliers can lead to a more convincing fit (paradigmatic cases are Aosta Valley, Basilicata, Campania, Friuli Venezia Giulia, Liguria, Lombardia, Molise, Puglia, Sicilia, and Trentino Alto Adige). Other cases provide a substantial indifference in removing the outliers, with neither an appreciable improvement of the visual appeal of the graphs nor of the R 2 (many cases are not displayed, for shortening the paper), like Abruzzo, Marche, Sardegna, Umbria and Veneto. A few cases give rise to questions, but with some answer: in fact, in several cases the removal of the outliers implies unexpected not much better results from a R 2 , point of view, but in presence of a better visualization of the fit; this is the case of Friuli Venezia Giulia. A slightly less appealing visualization of the fit with a slightly smaller R 2 occurs also for Emilia Romagna. Valle d'Aosta is the region where the KVR-effect must be removed for a fine fit. Sometimes, there is some surprise, thus no real "answer": Trentino Alto Adige, Molise and Sicilia are found to have a large number of vice-roys. Also, fits to the Marche data are rather insensitive to a KVR effect removal, although the R 2 is at first, for the raw data, not very high. Finally, Lazio seems to be not properly described by a 2-parameter Lavalette function, but rather through exponential, ZMP, and power laws, as already mentioned (see the discussion above). In view of the above, it seems that there is some evidence that the KVR effects are not due to scale factors, but are intrinsic to the regularities and discrepancies, since the KVR effect occurs in most cases, -found in quite different size systems.
Conclusions
This paper provides a statistical analysis of the Italian municipalities for the period 2007-2011, ranked by their ATI values. It is proven that while ZMP, exponential and power laws are not statistically appealing in describing the sizerank rule, a 2-parameter Lavalette function is. To the best of our knowledge, this is the first time that such typology of function is employed in urban studies. Data also confirm that IT is a unique entity, but with different regional realities. Several cities play a prominent role in determining the Italian GDP; they are detected within the regions through the king and king plus vice-roy effects. We have observed that there is some evidence that the KVR effects are not due to scale factors, but are intrinsic to the economic regularities and discrepancies. A few cases are puzzling, and suggest some further investigation of this theme.
Thus, a refinement of the analysis through the introduction of a 3-parameter Lavalette function or a modified version of it is in order. In particular, the second aspect suggests to work in the direction of a theoretical improvement of the current literature on the laws describing rank-size rules. 
Appendix A. The Lazio case
It has been indicated in the main text that a 3-parameter Zipf-MandelbrotPareto law fits unexpectedly well the Lazio region ATI data, -as long as the rank is 3 ≤ r ≤ 101, much better than a Lavalette function; see Fig. 6 for the 2011 case, on a log-log plot (and Fig. 17 for all 5 years on a semi-log plot). Another mere exponential fit (not shown) to the whole data, except for the king (Roma) and vice-roy (Latina) data points also indicates a strong cut-off at r ≥ 100. For illustration and completeness, indicating that other possible fits were investigated, Figs. 7-8 show a fit to a power law with exponential cut-off at high rank, and a comparison of such a fit with a Zipf-Mandelbrot-Pareto law, respectively, on a log-log plot, for the ATI 2011 year, -as an example, when either the Roma point or the Roma and Latina data points are not considered. (ii) the parameters of the best fits to a Lavalette function of the raw data, in Tables 7-8 ; a column indicates how many KVR cities can be considered (and removed) in order to optimize the fits reported in the corresponding figures; 
